We develop a relativistic model to describe the bound states of positive energy and negative energy in finite nuclei at the same time. 
I. INTRODUCTION
The extension of the periodic system has a long history in chemistry and physics.
Particularly at the end of the sixties and the beginning of the seventies, the time when heavy-ion collisions had its advent, the idea of super-heavy elements emerged. Besides the extension of the periodic system to the islands of super-heavy nuclei within the proton Z-and neutron N-axis, there exist two fascinating direction, i.e., to extend Z and N into the negative sector,Z andN , and into the multistrangeness dimension. The first idea was put forward in detail in Ref.
[1] where a collective anti-matter production mechanism (1)
Here S and V are the scalar and time-like vector potentials acting on nucleons in the nuclear medium. In the simplest version of relativistic mean field theory the scalar and vector interaction are mediated by the sigma-and omega-meson exchange, respectively.
The Dirac equation has two solutions, i.e., the positive-energy solution and the negativeenergy solution. For the positive-energy solution, the nucleon central potential U cen ∼ V + S while for the negative-energy solution, due to the "G-parity" 1 , the central antimatter potential becomesŪ cen ∼ −V + S. Relativistic mean-field (RMF) calculations in nuclear matter predict V ∼ 300 MeV and S ∼ −350 MeV [2] . In these calculations the vacuum contributions have been neglected and the definite values of V and S are parameter-dependent. If these two values for V and S are inserted into the formulae
1 The "G-parity" is an internal symmetry of the exchanged mesons in strong interactions, which connects the N N potential U (N N ) = m V m to the NN potential U (NN ) = m G(m)V m . G is the combination of the isospin symmetry and the C-conjugation rule and is usually defined as G = C exp(−iπI 2 ). In particular, G(σ) = G(ρ) = 1 and G(ω) = G(π) = −1.
of the central potentials, one immediately obtains U cen ∼ −50 MeV andŪ cen ∼ −650
MeV. Therefore, the bound states of negative energy might be much deeper than the bound states of positive energy, although the exact potential depth of the bound states of negative energy has not been experimentally verified up to now. Furthermore, the vector potential V increases linearly with increasing of density. In violent relativistic heavy-ion collisions, the density may become very large, ρ ∼ 5 − 10ρ 0 . The potential of nucleons of negative energy (i.e., the anti-nucleons), may become larger than twice the nucleon's free mass with increasing density. Then, nucleons may be spontaneously emitted [3] . But nucleons will also be emitted due to the dynamics, i.e., due to the time dependent change of their orbitals, i.e., due to the Fourier frequencies of the time dependent potentials and complex scatterings in the violent compression processes of a heavy-ion collision, and also due to temperature built-up in such violent encounters. These can create a great number of nucleon holes (i.e., anti-nucleons) in bound states. Then, "clusters" of holes (antinucleons) are distributed over shell-model-like orbitals. They are bound by the meson fields created by the compressed matter. They are, so to speak, prepared collectively for fusion into anti-matter clusters. Again, due to the Fourier frequencies of the violent nucleus-nucleus dynamics during and after the encounter, these anti-matter clusters can be kicked into the anti-cluster continuum, i.e., the negative-energy continuum, and may escape collectively out of the reaction zone. Another possible mechanism for anti-matter cluster escaping from the reaction zone is due to the space-time dependent event by event fluctuations of N-body phase space of anti-nucleons which is not a smooth distribution function as in the case of 1-body calculations. Such collective creation processes of antimatter clusters have a high potential to increase the probability for the production of light anti-matter clusters than the standard processes of particle scattering and coalescence.
To realize the above theoretical conjecture for the production of anti-nuclei, -and analogously also for multi-Λ, multi-Λ nuclei, one should answer at least three questions in a rigorous way both from the theoretical side and the experimental side: Firstly, how deep are the bound states of negative energy (i.e., the bound states of anti-nucleons) in nuclei?
Secondly, how does the potential of anti-nucleons increase with the increase of density during the violent relativistic heavy-ion collisions and what is the dynamical production procedure for the anti-matter clusters? Thirdly, can we really have stable or meta-stable (heavy) anti-nuclei? In this work, we build a model to deal with the first question, which might be extended to answer the third question as well in the future.
It is well known that relativistic mean-field theory had great success in describing the ground states of finite nuclei, i.e., the bound states of positive energy [4] [5] [6] [7] . In this model, one usually considers only the positive-energy solution of the Dirac equation and neglects the contributions from the vacuum (the so-called no sea approximation). With the parameters obtained as providing the best-fit to the properties of spherical nuclei, such as NL1 [4] and TM1 [8] parameter sets, the model describes well the ground-state properties of spherical nuclei as well as the deformation properties of even-even nuclei. Extensive investigation of various parameter sets in connection with predicting shells for superheavy nuclei have recently been given in Ref. [9] . However, this all has been done in the nosea approximation and without vacuum corrections. The later, the effects of quantum corrections, i.e., the vacuum contributions and their effects on the bound states of positive energy were investigated by several authors [10] [11] [12] [13] [14] within the local density approximation for the one-nucleon loop, the one-meson loop and for the derivative expansion for the onenucleon loop only (in a chiral model, loop corrections have been investigated in nuclear matter e.g., in Ref. [15] ). The relativistic mean-field approximation is extended to the relativistic Hartree approximation (RHA). In that version, i.e., RHA, the parameters are fitted to the saturation properties of nuclear matter as well as the rms charge radius in 40 Ca. The best-fit procedure within RHA to the properties of spherical nuclei has not been performed yet. In these preliminary studies it is found that the vacuum contributions do not improve the systematics of nuclei over RMF but the scalar density is decreased in the interior of nuclei. It, in turn, will cause the decrease of the scalar field S because the scalar field is coupled to the scalar density. Correspondingly, the vector field V will also decrease since the value V + S is controlled by the saturation properties. Therefore, even if the vacuum corrections may not cause significant difference to the bound states of positive energy after refitting the parameters, they should have strong influence on the bound states of negative energy which are sensitive to the sum of scalar and vector field −V + S rather than the cancellation V + S (remember: V is positive, S is negative!).
In the present paper we will develop a relativistic Hartree approach for the bound states of positive energy and negative energy in finite nuclei. The wave functions of the nucleons with positive energy are used to calculate the contributions of the valence nucleons. In principle, one should also use the wave functions of the anti-nucleons to evaluate the contributions of the bound states emerging from the Dirac sea. Considering the difficulties caused by the large number of anti-nucleons in bound states in any practical numerical procedure, we will employ the technique of derivative expansion developed in
Ref. [16] to compute the effects of the Dirac sea, including the contributions of the onenucleon loop as well as the one-meson loop. The paper is organized as follows: In Sect.
II we introduce the effective Lagrangian used here. In Sect. III the plane-wave solutions of the Dirac equation in homogeneous nuclear matter are discussed. In Sect. IV we constitute the RHA approach for the bound states of positive energy and negative energy.
In Sect. V we present the numerical results and discussions. Finally, a summary and outlook is given in Sect. VI.
II. EFFECTIVE LAGRANGIAN
We start from the Lagrangian density for nucleons interacting through the exchange
Here L F is the Lagrangian density for free nucleon, mesons and photon
and U(σ) is the self-interaction part of the scalar field [17] 
In the above expressions ψ is the Dirac spinor of the nucleon; σ, ω µ , R µ and A µ represent the scalar meson, vector meson, isovector-vector meson field and the electromagnetic field, respectively. Here the field tensors for the omega, rho and photon are given in terms of their potentials by
L I is the interaction Lagrangian density
Here τ is the isospin operator of the nucleon and τ 0 is its third component. g σ , g ω , g ρ and e 2 /4π = 1/137 are the coupling strengths for the σ-, ω-, ρ-meson and for the photon, respectively. M N is the free nucleon mass and m σ , m ω , m ρ are the masses of the σ-, ω-, and ρ-meson. For simplicity, in the following discussions we consider the σ-and ω-exchange explicitly. The relevant formulae for the ρ-exchange and the electromagnetic field can be obtained in a straightforward way after calculating the ω-exchange. The detailed expressions for all these meson fields and the electromagnetic field will be given in Sect. IV.
III. PLANE-WAVE SOLUTIONS OF THE DIRAC EQUATION IN STATIC NUCLEAR MATTER
From the effective Lagrangian given in the above section, we obtain the Dirac equation
In static nuclear matter, this reads
We know that Eq. (10) has two solutions, i.e., the positive-energy solution E + and the negative-energy solution E − , which satisfy the following equations
Here U(p) and V(p) are two spinors [18] 
where N is the normalization factor and
Defining the effective positive-energy E * + and the effective negative-energy E * − as
together with Eqs. (11) ∼ (13) one can perform calculations similar to the free Dirac equation and obtains
Therefore,
The wave packet ψ can be expanded according to the plane waves of positive energy and negative energy as
The coefficient b p,s are the probability amplitudes for waves with positive energy, whereas d + p,s are those for negative energy. Both the nucleons with positive energy and negative energy transport forward in time. According to the Dirac's hole theory, each particle has its partner anti-particle which transports backward in time. One can write down the corresponding equations for the anti-nucleons which have the opposite signs for the energy and momentum term compared to the eigenequations of the nucleons
HereĒ + ,Ē − are the positive energy and negative energy of the anti-nucleon and V(p), U(−p) are their corresponding eigenfunctions, respectively. Again, we define the effective positive-energyĒ * + and the effective negative-energyĒ * − of the anti-nucleon as
With the spinors of Eq. (13) we obtain
andĒ
From Eqs. (18), (19) and (25) , (26) one can easily find the relations
Thus, in order to obtain the full spectrum of the Dirac equation, one can solve the equations for the nucleon with positive energy and negative energy, i.e., Eqs. (11) and (12) . Alternatively, one can solve the Dirac equations for the nucleon and the anti-nucleon but both of them with positive energy, i.e., Eqs. (11) and (21) . The wave packet ψ can also be expanded according to the plane waves of the nucleon and the anti-nucleon as
Here When the negative energy of the nucleon E − is larger than the nucleon free mass, the system becomes unstable with respect to the nucleon-anti-nucleon pair creation. At zero-momentum, one has the critical condition
that is,
if one defines
IV. RELATIVISTIC HARTREE APPROXIMATION OF FINITE NUCLEI
In finite nuclei the meson fields in Eq. (10) are space-dependent. The field operator of the Dirac equation can be written as
Here the label α denotes the full set of single-particle quantum numbers. are nucleon and anti-nucleon creation operators that satisfy the standard anticommutation relations. We assume that the meson fields depend only on the radius and discuss the problem in spherically symmetric nuclei. In this case, the usual angular momentum and parity are good quantum numbers. As described in Refs. [18, 19] , eigenfunctions of the angular momentum and the parity operator are the well-known spherical spinors. We make the following ansatz for the wave functions of
and anti-nucleons
Here Ω jlm are the spherical spinors defined as [18] 
Y lm ′ are the spherical harmonics and χ1 2 ms are the eigenfunctions of the spin operators. G α , F α andF α ,Ḡ α are the remaining real radial wave functions of nucleons and antinucleons for upper and lower components, respectively. Applying the parity operator P = e iφ βP 0 ,P 0 changes x into −x, to Eqs. (33) and (34), one can easily find that the ψ α (x) has the opposite eigenvalue of parity, (−1) l , to the ψ a α (x), (−1) l+1 , as it should be [18] .
Inserting Eqs. (33) and (34) into Eq. (10) (σ → σ(r) and ω 0 → ω 0 (r)), we obtain the coupled radial wave functions for the nucleon
and the anti-nucleon
respectively, where
In order to resemble Schrödinger equations for the Dirac equations, we eliminate the small components. For the nucleon we eliminate the lower component while for the anti-nucleon the upper component. By defining the Schrödinger equivalent effective mass and potential of the nucleon
and the anti-nucleonM
we arrive at the Schrödinger equations for the upper component of the nucleon's wave function
and the lower component of the anti-nucleon's wave function
The small components can be obtained through the following relations
Of course, the radial wave functions are normalized
From Eqs. (45) and (46) (45) and (46) can be solved numerically by the standard technique as described in Ref. [4] . The single-particle energy of the nucleon and the anti-nucleon can be written as
which are obtained through the iteration procedure. The negative energies of nucleons are just the minus sign ofĒ α .
The meson fields in Eqs. (41 ) ∼ (44) are determined by the Laplace equations
where
here w i are the occupation numbers defined by the creation and annihilation operators of Eq. (32) as usual [4] . The CT are the counterterms. The sums in Eqs. (55) Let us first assume that the positive-energy continuum and the negative-energy continuum together with the contributions of the counter terms will yield finite terms for ∆ρ S (r) and ∆ρ 0 (r). The scalar and baryon density can then be expressed as
The first terms on the right-hand-side of Eqs. (57) and (58) denote the contributions of the shell model states while the second terms represent the contributions of the bound states of negative energy. If one thinks about that there might exist twenty thousand nucleons in the bound states of negative energy, it is obviously not practical to compute the contributions of those bound states through evaluating their wave functions. Fortunately, a rather elegant technique has been developed by several authors [16] , which takes into account the vacuum contributions to the source term of the meson fields in finite nuclei.
Let us write
where ρ val S (r) and ρ val 0 (r) are just the first terms on the right-hand-side of Eqs. (57) and (58). ρ sea S (r) and ρ sea 0 (r) are the contributions of the vacuum, including the bound states and the continuum as well as the counterterm contributions. Originally, vacuum corrections for finite nuclei (in one-loop approximation) were included only in a local density approximation [2] . Later on, Perry [11] and Wasson [12] considered derivative corrections to the nuclear matter results. It was found that the leading derivative correction is of the same order of magnitude as the effective potential (i.e., the nuclear matter results) while the next-order derivative correction is two or three orders of magnitude smaller than the leading order. That means that the derivative expansion converges rapidly. Since we include the non-linear self-interaction of the scalar field in the model, the contributions of the one-meson loop from the scalar meson should be taken into account in addition to the one-nucleon loop. The contributions of the one-meson loop have been calculated in Ref. [13] up to the effective potential term. Here this is extended to include the leading derivative correction.
The effective action of the system at the one-loop level can be written as
Here Γ valence is the contribution from the valence nucleons, which for time independent background fields is just minus the energy of the valence nucleons. Γ (1) (σ) and Γ (1) (ψ) represent the contributions of the Dirac sea stemming from the one-meson loop and onenucleon loop, respectively. They are defined as [20] 
where the trace is over spatial and internal variables. Γ (1) (σ) and Γ (1) (ψ) can be expanded in powers of the derivatives of the scalar and vector fields. Using Lorentz invariance one can determine the functional Taylor series as
(1)
Here V 
As discussed above, the derivative expansion converges rapidly. Thus, here we consider only the lowest order derivative terms in Eqs. (64) and (65). By means of the technique developed in Ref. [16] , one can determine the functional coefficients of the leading derivative correction, which read
The above expressions are finite, and independent of any renormalization conditions. The divergent integral appearing in Γ (1) (σ) and Γ (1) (ψ) are included in the effective potential terms of V (1)
∂V
and
Note that ρ sea 0 (r) is a total derivative and thus the baryon number is conserved. To include the contributions of the ρ-exchange and the electromagnetic field, in Eqs. 
Here we have defined that the anti-particle has the same isospin factor as the corresponding particle. Note that the G-parity of ρ-meson is positive. The field equations of the ρ-meson and the photon read 
We assume isospin-symmetry in the bound states of negative energy, therefore, ρ 
V. NUMERICAL RESULTS AND DISCUSSIONS
Since we employ the derivative expansion to evaluate the contributions of the Dirac sea to the source terms of the meson fields, the wave functions of anti-nucleons, which are used to calculate the single-particle energies, are not involved in evaluating the vacuum contributions to the scalar and baryon density which are, in turn, expressed by means of the scalar and vector field as well as their derivative terms. The Dirac equation of the nucleon and the equations of motion of mesons (containing the densities contributed from the vacuum) are solved within a self-consistent iteration procedure [4] . Then, the Dirac equation of the anti-nucleon is solved with the known mean fields to obtain the wave functions and the single-particle energies of anti-nucleons. The space of anti-nucleons are truncated by the specified principal and angular quantum numbers n and j with the guarantee that the calculated single-particle energies of anti-nucleons are converged when the truncated space is extended. We find that the results are insensitive to the exact values of n and j provided large enough numbers are given. We have used n = 4, j = 9 for 16 O; n = 5, j = 11 for 40 Ca; and n = 9, j = 19 for 208 Pb.
As pointed out in the Introduction, in the previous RHA calculations for the bound states of positive energy [10, 14] , the parameters of the model are fitted to the saturation properties of nuclear matter as well as the rms charge radius in 40 Ca. The best-fit routine within the RHA to the properties of spherical nuclei has not been performed yet. The larger effective nucleon mass explains why a larger χ 2 value is obtained for the RHA1 compared to the NL1. If one uses the current nonlinear RMF/RHA models to fit the ground states properties of spherical nuclei, an effective nucleon mass around 0.6 is preferred. The situation, however, might be changed when other physical ingredients, e.g., tensor coupling for the vector fields, correlation effects, three-body forces, are taken into account, which warrants further investigation. On the other hand, in the case of linear model, the RHA0 gives a better fit than the LIN does. This is mainly due to the vacuum contributions which improve the theoretical results of the surface thickness substantially, and finally improve the total χ 2 value. Table   II . It is clear that the RHA exhibits a softer equation of state compared to the RMF, mainly due to the larger m * . In the mean time, the strengths of the scalar and vector potentials decrease substantially in the RHA as expected. The same situation happens at finite nuclei. In Fig. 2 and Fig. 3 we present the scalar and vector potentials in 16 O, 40 Ca and 208 Pb computed with the NL1 and the RHA1 set of parameters, respectively.
The potentials calculated with the RHA1 are about half of that calculated with the NL1, implying a strong feedback of the vacuum to the meson fields.
As given in Sect. IV, the contribution of the Dirac sea to the baryon density is a total derivative. The net baryon number is conserved. Fig. 4 Fig. 5(a) we compare the baryon densities of 16 O calculated within the RHA and the RMF model, respectively. One can see that the difference is not very siginificant. In the case of the RHA, the contributions of different sources to the baryon density are shown in Fig. 5(b) .
The vacuum contribution changes its sign from the interior to the surface of the nucleus.
At large r, the Dirac-sea effect is negligible. This can be observed in Fig. 4 too. For different nuclei, after the r exceeds the typical values of surface range, the ρ sea 0 decreases rapidly.
In Fig. 6 the charge densities of three spherical nuclei computed with the NL1 and the RHA1 set of parameters are compared with the experimental data. It seems that for light nucleus 16 O the results of the NL1 are closer to the data than that of the RHA1.
Alternatively, for media and heavy nuclei, the charge densities calculated with the RHA1
show a better agreement with the data and less shell fluctuation in the interior of nuclei than that with the NL1 model. The shell fluctuation can be best expressed via the charge density in 208 Pb as
The empirical value is −0.0023 fm −3 [4] , which is nicely reproduced in the RHA (see Table   II ) while the RMF overestimates δρ by a factor of 3, sharing the same disease with the non-relativistic mean field theory [22] .
The effects of the Dirac sea on the physical quantity, specifically, the binding energy per nucleon are displayed in Table III When the nucleus becomes heavier the derivative terms turn out to be smaller since the fields become more stable. In all cases, the effects of the one-nucleon-loop is about four to five times of that of the one-meson-loop. Now let us go to the single-particle levels. In Table IV and V we present the results of both positive-and negative-energy proton and neutron spectra of 16 O, 40 Ca and 208 Pb. The binding energy per nucleon and the rms charge radius are given too. The numerical calculations are performed within two frameworks, i.e., the RHA including the contributions of the negative-energy sector to the source terms of the meson fields and the RMF taking into account only the valence nucleons as the meson-field sources. The experimental data are taken from Ref. [23] . From the table one can see that all four sets of parameters can reproduce the empirical values of the binding energies, the rms charge radii and the single-particle energies of positive-energy states fairly well. For the E/A and the r ch , the agreement between the theoretical predictions and the experimental data are improved from the LIN to the RHA0, RHA1 and NL1 set of parameters. For the spectra of positive-energy states, due to large error bars, it seems to be difficult to queue up the different sets of parameters. However, because of the large effective nucleon mass, in the current models the RHA has smaller spin-orbit splitting (see 1p 1/2 and 1p 3/2 state) compared to the RMF. This situation can be improved through introducing a tensor coupling for the ω meson [4] . With a suitable chosen coupling strength for the tensor term, a reasonable spin-orbit splitting may be obtained while a large m * remains. The effects of the tensor-coupling terms will be investigated in the future studies. For the negative-energy sector, no experimental data are available. In all four cases, the potentials of negativeenergy nucleons are much deeper than the potentials of positive-energy nucleons. On the other hand, one can notice the drastic difference between the RHA and the RMF calculations -the single-particle energies calculated from the RHA are about half of that from the RMF as can be expected from Fig. 2 and 3 , exhibiting the importance of taking into account the Dirac sea effects. It demonstrates that the negative-energy spectra deserve a sensitive probe to the effective interactions in addition to the positive-energy spectra.
The spin-orbit splitting of negative-energy sector is so small that one nearly can not distinguish the 1p 1/2 and the 1p 3/2 state. This is because the spin-orbit potential is related to d(S + V )/dr in the negative-energy sector and two fields cancel each other to a large extent. Nevertheless, the space between the 1s and the 1p state is still evident, especially for lighter nuclei. This might be helpful to separate the process of knocking out a 1s 1/2 negative-energy nucleon from the background -a promising way to measure the potential of the anti-nucleon in laboratory. .5ρ 0 ) for the spontaneous nucleon-anti-nucleon pair creation as can be seen in Fig. 8 where the density dependence of the nucleon and the anti-nucleon energy in symmetric nuclear matter is given. It should be mentioned that the results of Fig. 7 and 8 are very sensitive to the effective nucleon mass which can not be determined unambiguously in a model-independent way via experiments. In order to know the individual scalar and vec-tor potentials, one has to analyse the empirical data both from the positive-energy and the negative-energy sector. The later is, unfortunately, currently unavailable. Further investigation is apparently needed before coming to a definite conclusion. The contributions of the Dirac sea to the source terms of meson fields can be separated into two parts, that is, the contributions of the negative-energy bound states and the negative-energy continuum. In principle, one should use the wave functions of antinucleons to evaluate the effects of the bound states emerging from the Dirac sea. There might exist a large number of anti-nucleons in bound states. Hence, it is apparently not practical to calculate all those wave functions in the iteration procedure. Here we employ the technique of derivative expansion for the one-meson and one-nucleon loop to take into account the vacuum contributions of both the bound states and the continuum.
VI. SUMMARY AND OUTLOOK

This
In the numerical procedure, we first fit the parameters of the model to the properties of spherical nuclei. Two sets of parameters with and without nonlinear self-interaction of the scalar field are obtained for the present RHA model including the vacuum contributions.
They are then used to investigate the vacuum polarization effects on both positive-energy and negative-energy sector. The corresponding calculations of the RMF model are also presented for comparison. Our results show that both the RMF and the RHA model describe the properties of spherical nuclei very well. Due to the feedback of the vacuum to the meson fields, the scalar and vector potentials decrease in the RHA. This causes the drastic difference on the single-particle energies of negative-energy nucleons calculated within the RHA model and within the RMF model, while the single-particle energies of positive-energy nucleons coincide each other within two models. Since the negative-energy sector is sensitive to the sum of the scalar and vector field −V + S while the positiveenergy sector is sensitive to the cancellation of the fields V + S, the study of both of them in an unified framework will lead to the determination of the individual S and V ! Thus, it is currently very important to have experimental data to check the theoretical predicted bound levels of negative energy. It will provide us with a chance to judge the physical necessity of introducing strong scalar and vector potentials in the Dirac picture.
If this picture is valid for the nucleon-nucleus and anti-nucleon-nucleus interactions, a fascinating direction of future studies is to investigate the vacuum correlation and the collective production of the anti-nuclei in relativistic heavy-ion collisions. Experimental efforts in this direction are presently underway [24] . Table II . Fig.2 The scalar potentials in 16 O, 40 Ca and 208 Pb. 
